Measurements serve as the intermediate communication layer between the quantum world and our classical perception. So, the question which measurements efficiently extract information from quantum systems is of central interest. Using quantum steering as a nonclassical phenomenon, we show that there are instances, where the results of all two-outcome measurements can be explained in a classical manner, while the results of some three-outcome measurements cannot. This points at the important role of the number of outcomes in revealing the nonclassicality hidden in a quantum system. Moreover, our methods allow to improve the understanding of quantum correlations by delivering novel criteria for quantum steering and improved ways to construct local hidden variable models.
Introduction.-It is widely believed that, at the fundamental level, our world behaves according to the laws of quantum mechanics, although we can only perceive it classically [1] . In fact, realizing the hidden potential of quantum mechanical systems in information processing has ignited the burst of quantum information and quantum computation during the last years [2] . To transfer the quantum mechanical concepts to that of our familiar classicality, quantum measurements are required [3] . The question how to use quantum measurements to interact efficiently with quantum mechanical systems is thus of central interest in quantum information theory [3] .
In 1964, Bell found that measurements performed locally on a bipartite quantum system can yield results which cannot be explained with a classical intuition based on the assumptions of locality and realism [4, 5] . This phenomenon manifests itself as the violation of Bell inequalities, and a famous example of such an inequality is the Clauser-Horne-Shimony-Holt (CHSH) inequality, designed for two parties with two measurements, having two outcomes each. Not all entangled states violate the CHSH inequality [6] , and one may wonder whether the usage of measurements with more outcomes helps in observing nonclassical behaviors. Is there a quantum state for which the infinite set of all possible two-outcome measurements does not lead to nonclassical effects, but some three-outcome measurements lead to a Bell inequality violation? This question has not been answered despite decades of research, arguably due to the complex structure of Bell correlations.
There are, however, other nonclassical correlations in quantum mechanics besides the violation of Bell inequalities. An important one is captured by the notion of quantum steering [7, 8] . This phenomenon goes back to Schrödinger's observation that in the Einstein-Podolsky-Rosen argument, one party (typically called Alice) can steer the state of the other party (called Bob) by making * chau.nguyen@uni-siegen.de † otfried.guehne@uni-siegen.de can be divided into subsets, depending on how many outcomes measurements must have in order to show steering, and some states (dark brown, inner most) are not steerable at all. For a given state ρ, the distance to these sets defines the so-called critical radii R k or RPVM for projective measurements. We prove that in general R3 > R2, demonstrating that some states require three-outcome measurements for steering.
suitable measurements [9] . The modern formulation of this effect has been given by Wiseman and coworkers [10] and since then it was found to be connected to many subjects in quantum information processing. For instance, it has been shown that the measurements made by Alice have to be incompatible, implying that commuting measurements as in classical physics are not suitable [11, 12] . Furthermore, the theory of quantum steering has turned out to be useful to solve long standing open problems concerning Bell inequalities, e.g., the construction of states having a positive partial transpose, but violating a Bell inequality [13, 14] . The goal of this paper is twofold. First, we will show that for some quantum states a finite number of measurements of three outcomes can reveal quantum steering, while the infinite set of all measurements with two outcomes cannot. This proves that the number of measurement outcomes can be important to the question whether nonclassical effects can be observed or not. We note that in recent works it has been demonstrated that the correlations of certain multi-outcome measurements cannot be explained by assuming that all of these measurements themselves have only two effective outcomes [15] [16] [17] . But this does not concern the fundamental limitation of the whole infinite set of two-outcome measurements as comparison to those with more outcomes in revealing quantum correlations.
Second, the methods developed in this paper allow one to advance the theory of quantum steering in several directions. In particular, we derive novel criteria for steerability and unsteerability, and present significantly improved local hidden variable models for so-called Werner states, which show that they do not violate any Bell inequality, even if the most general measurements are considered [18] .
Quantum steering.-Consider the situation where Alice and Bob share a bipartite quantum state ρ and Alice performs a measurement (denoted by x) with n outcomes. This is generally described by a collection of n positive operators,
, which form a so-called positive operator valued measure (POVM). Bob's system is then found in the ensemble of conditional states {ρ a|x =
It has been noted early that by choosing different measurements, Alice's can steer Bob's system to ensembles that are intuitively 'incompatible' with each other, such as pure eigenstates of noncommutative observables, conflicting with our intuition of classical locality [4, 9] . However, it was not until 2007 that this naive notion of 'incompatibility' gained a precise definition. Wiseman et al. [10] pointed out that incompatible ensembles in general mean that they cannot be derived from a single collection of states, called a local hidden state (LHS) ensemble. An LHS ensemble is simply a distribution µ on Bob's pure states |λ . 
where the integration is taken over Bob's pure states. If this is the case, one says that ρ admits an LHS model, or in short, ρ is unsteerable. The postprocessing functions G If such an LHS model does not exist, one says that ρ is steerable [10] .
The role of measurements.-Crucially for our purpose, Alice's steering abilities depend on the set of measurements M she can potentially make. This allows one to quantify how much steering the measurements of a class M reveal for a state ρ. Specifically, we define the steering critical radius R M (ρ) to be the maximum of the mixing parameter η such that ρ η = ηρ
Here 1 1 A denotes the identity operator acting on system A and ρ B denotes the reduced state of system B, ρ B = Tr A (ρ). Geometrically 1 − R M (ρ) measures the distance from ρ to the surface separating steerable/unsteerable states (with measurements in M) relatively to the noisy and unsteerable state (1 1 A ⊗ ρ B )/d A , see also Fig. 1 . We have deliberately used the same name critical radius as in Ref. [19] as it can be shown to reduce to the same definition for two-qubit systems, where the critical radius measures the inscribed radius of certain convex object that naturally emerges in the context of quantum steering. In a similar fashion, we define S(ρ) to be the maximum mixing parameter η such that ρ η becomes separable, i.e., it can be written as a convex combination of product states [6] .
The structure of measurements.-The set of POVMs has a nested structure: measurements with n outcomes are naturally a subset of that of measurements with n+1 outcomes. Measurements with two outcomes, so-called dichotomic measurements, are the most elementary, and also among the most often measurements that are performed routinely in experiments. Measurements whose effects E a are rank-1 projections will be referred to as projective measurements which are the standard measurements occurring in textbooks.
For M being the set of POVMs of n outcomes, or projective measurements, we simply denote the critical radii by R n , and R PVM , respectively. Since any POVM can be written as a mixture of POVMs with at most d 2 outcomes, measurements with n > d 2 A outcomes do not bring any more steerability to Alice [18, 20] . So we can also denote R POVM = R d 2 A . Because measurements with n outcomes form a subset of that with n + 1 outcomes, and projective measurements form a subset of measurements with d A outcomes, the critical radii organize in the following sequence
which is valid for any state. Fig. 1 illustrates this sequence geometrically. Although difficult to compute, already in their early paper, Wiseman et al. [10] remarked that R PVM can be computed for the Werner states and the isotropic states. More recently, it has been shown that R 2 can also be computed for arbitrary two-qubit states [19, [21] [22] [23] . Further, numerical evidences suggested that for twoqubit states, the chain in fact collapses to a single value
Here we report a practically closed formula for R 2 for the high-dimensional isotropic states and Werner states and show that R 2 > R PVM ≥ R POVM for systems other than qubits. This is in particular true for dimension 
where π − is the projection onto the antisymmetric subspace of C d ⊗ C d , spanned by vectors of the type |ij − |ji [6] . The Werner state at mixing probability η is then defined by mixing this projection with the white noise,
This is in line with the notation introduced before Eq. (2), as we have Tr A (W d ) = 1 1/d. By construction, the Werner states are symmetric under application of the same local unitary operation U ∈ U(d) on both parties, namely, [6] . It has been shown that Werner states are separable if and only if η ≥ 1/(d+1) [6] , which, can be written in the above notation as S(W d ) = 1/(d + 1). Werner states are unsteerable with projective measurements if and only if
To define the isotropic states, one first considers the maximally entangled state on
The isotropic state also has a symmetry under local unitaries U ∈ U(d), as
where U * stands for the complex conjugate of U [25] . It is well-known that S(S d ) = 1/(d+1) [25] , and R PVM (S d ) = (H d −1)/(d−1), where H d = 1 + 1/2 + · · · + 1/d [10] .
The uniform distribution as LHS ensemble.-When writing down an LHS model as in Eq. (2) for Werner states or isotropic states, it is known [10, 26] that one can restrict the attention to a probability distribution which is the uniform distribution according to the Haar measure, denoted by ω, over Bob's Bloch sphere. It is easilly see from the argument given in Ref. [26] that this remains true also if the measurements are limited to generalised ones of any fixed number of outcomes.
To proceed, we consider the set of conditional states Alice can simulate using this distribution ω, which is given by
The set K(ω) is known as the capacity of ω [19, 26] . In higher-dimensional spaces, K(ω) has complicated structure and no complete characterization of its geometry is known. However, we will see that even a partial information of K(ω) will be sufficient to characterize quantum steering of Werner states and isotropic states.
Dichotomic measurements. Each dichotomic measurement is completely characterized by one of its two effects, say M , since the other is 1 1 − M . It follows directly from the definition of quantum steering that Werner states and isotropic states are unsteerable if and only if the corresponding conditional state Tr[ρ(M ⊗ 1 1)] is inside K(ω) for all measurement effects M on Alice's side.
Let us have a closer look at the set of measurement effects on Alice's side, {M : 0 ≤ M ≤ 1 1}. This is a convex set, of which the extreme points are precisely the projection operators. These can be organized in hyperplanes corresponding to different ranks of the projections. It is then natural to introduce finer subsets of 2-POVMs whose two effects are projections and the lower rank is r. Accordingly, we use R r 2 (ρ) to denote the steering critical radius corresponding to this subset of measurements. We then have
where d/2 is the maximal integer not greater than d/2.
Reducing the dimension and main result.-The following observation is crucial to computing R r 2 : For Werner states and isotropic states, a conditional state of Bob's system corresponding to a projection P on Alice's side belongs to a special two-dimensional plane spanned by the projection itself and the identity operator, span{P, 1 1}. This is easily verified by direct computation of the conditional states in these cases. Consequently, instead of considering the general capacity K(ω), we can consider its cross-section with these twodimensional subspaces and the original high-dimensional problem is now reduced to a two-dimensional one. Fortunately, in these two-dimensional spaces, the cross-section with K(ω) can be computed exactly. The formulae are somewhat cumbersome, but can be explicitly given; see Appendix A and B. To find the critical radii R r 2 of the fully antisymmetric state and the maximally entangled state, we simply identify the critical mixing probability threshold at which Bob's conditional states corresponding to a projection of rank r is at the border of this cross-section; for the details, see Appendix B and C.
The remaining step is the discrete minimization of R r 2 with respect to the rank r of the projection in Eq. (5) . We find that for both Werner states and isotropic states, R r 2 is always minimal at r = 1 for all dimensions d ≤ 10 5 and conjecture that this holds in general. In other words, among dichotomic measurements, those with a rank-1 effects are conjectured to be most useful for quantum steering. This eventually leads to the steering critical radius
for Werner states, and
for isotropic states. These critical radii are presented in Fig. 2 together with other known thresholds for these two families of states.
As an example, for the system of two qutrits, d = 3, we find for the Werner state R 2 (W 3 ) = 4(1− 2/3) ≈ 0.734, which is strictly larger than R PVM (W 3 ) = 2/3 ≈ 0.667, and for the isotropic state R 2 (S 3 ) = 1 − 1/ √ 3 ≈ 0.423, which is also strictly larger than R PVM (S 3 ) = 5/12 ≈ 0.417. These are thus explicit examples that quantum steering revealed by dichotomic measurements is strictly weaker than quantum steering with measurements having three outcomes.
Steering with arbitrary POVMs.-As long as quantum steerability is concerned, it follows from Ref. [18] that without loss of generality, one can assume that Alice's measurements consist of d 2 rank-1 effects, E = (E 1 , E 2 , · · · , E d 2 ) with E a = α a P a , where P i are rank-1 projections, 0 ≤ α a ≤ 1, and d 2 a=1 α a = d. Let us consider the Werner state W d η . For outcome a of Alice's measurement, Bob's system is steered to Tr A (W d η E a ⊗ 1 1) = α a Tr A [W d η P a ⊗ 1 1]. One sees that apart from the multiplication factor α a , the conditional states are essentially that of n = d 2 dichotomic measurements (P a , 1 1 − P a ). But even if the state is unsteerable with dichotomic measurements and the explicit response functions are given, it is not possible to directly combine them to form a response function for the general POVM E, which requires the normalization for the response function as probabilities, d 2 a=1 G a (λ) = 1. To achieve the normalization, one has to soften the response functions for the dichotomic measurements in a suitable way. Barrett was the first who used this idea to construct an LHS model with POVMs for certain entangled Werner states [18] . As it turns out, his construction is in fact most suitable when the two parties are correlated, such as when they share an isotropic state. For the Werner states, the two parties are however anticorrelated. We therefore propose the following response function for the Werner state,
The physical intuition for this response function and detailed calculation are discussed in Appendix D. With this, direct computation gives [27] [28] [29] , we can assume Bob's reduced state to be maximally mixed (by applying an appropriate filter transformation on his side).
Then, one can use the fact that the steerability from Alice to Bob is non-increasing under local channels on Alice's side [30] . Given two states ρ and τ , each with Bob's reduced state maximally mixed, we define D(ρ, τ ) = max{η ≥ 0 : ρ η = (E ⊗ I)[τ ]}, where E is a channel on Alice's side, I is the identity channel, and ρ η is a state affected by noise as used in Eq. (2) . Slightly extending the result of [30] , it directly follows that given an unsteerable state τ , i.e., R n (τ ) ≥ 1, then R n (ρ) ≥ D(ρ, τ ).
Given τ , the computation of D(ρ, τ ) is a standard optimization over the channel E, which can be done using semidefinite programming [31] . By choosing τ to be an unsteerable Werner state, or an unsteerable isotropic state, Eq. (10) gives a lower bound for R n (ρ) and consequently a way to prove the unsteerability of a generic high-dimensional state, which is an open problem which appears in various situations [7, 32, 33] . Interestingly, one can also turn the logic of Eq. (10) around and prove steerability. In this case, one chooses ρ to be a state of which R n (ρ) is known, e.g., a Werner state or an isotropic state, then D(ρ, τ ) > R n (ρ) implies that R n (τ ) < 1, which proves the steerability of τ .
Another way to prove steerability for general states uses the symmetry of the Werner and isotropic states. It is easy to see that the critical radius do not decrease under averaging the state with random local unitaries. Thus by twirling a state ρ to a Werner state or an isotropic state [6, 25] , of which the critical radius is known, we find
where F S = Tr(S d ρ) and F W = Tr(F d ρ), with F d being the swap operator between two systems of dimension d.
Such an upper bound allows one to prove the steerability of the state.
Conclusion.-We showed that the number of outcomes of measurements is essential for their ability to reveal nonclassicality. An immediate application and extension of this is the development of methods to assess of the quality of measurements in experiments. In fact, it it can be anticipated that the results obtained here can lead to novel protocols for the self-testing of measurements in experiments. Furthermore, our results may be used to characterize the resources needed for the simulation of measurements, as there are situations where all dichotomic measurements can easily be simulated, while three-outcome measurements cannot.
Moreover, we provided novel criteria for the steerability and unsteerability of general quantum states. Especially the presented LHS model for Werner states improves the known models drastically. These results will be useful for the applications of steering in information processing, such as quantum key distribution in asymmetric scenarios [34] , or the characterization of joint measureability [7] .
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Appendix A: Integration over the high dimensional Bloch sphere
We will frequently have to work with integrals over the high dimensional Bloch sphere (i.e., the set of pure states).
Here we describe how that can be done, following Refs. [6, 18] with small modifications.
Specifically, we work with the Hilbert space of dimension d. Let Q be a projection of rank k, we are interested in the following integration
where Θ is Heaviside's step function and ω denotes the Haar measure over the pure states. Note that although the projection Q appears in the integral on the right-hand side, we will see that the left-hand side only depends on its rank k, which justifies the notation a n (k, t).
We choose the basis
The pure state can be written as |λ = d i=1 r i e iθi |i . The Haar measure thus can be formally written as
The range of r i is [0, +∞) and the range of θ i is [0, 2π). The normalisation factor Z can be found by
Now note that the integrands in (A1) and (A3) do not depend on the phase θ i , thus the integration over the phase θ i can be carried out directly. Moreover, the integrals over r i can be simplified by changing the variable u i = r 2 i . Eventually, we obtain a n (k, t) = I n (Q, t)
with
where du = du 1 du 2 . . . du d and the integral is taken over the whole range [0, +∞) of u i . Let
Then by rescaling the integral variable, one can easily show that
Note that s p (1) is simply the area of the p − 1 probability simplex, which still carries a δ-function.
With this notation, we then can integrate out u k+1 , u k+2 , . . . , u d in (A5) to get
To carry out this integral, we write
Upon changing the integral order, we have
where β(a, b) = β(1, a, b) is Euler's complete β-function. As we remarked in the paragraph following (A1), a n (k, t) only depends on the rank k of the projection Q.
Appendix B: The canonical cross-sections of the capacity of the uniform distribution Generally, it has been shown [22, 26] that the extreme points of K(ω) are of the form
with varying operator Z. In particular, let us consider a special family of these extreme points where Z = Q − t1 1, where Q is a (fixed) projection of rank k and varying t,
Let us now show that K(Q, t) is in the span of {1 1, Q}. While this can be done directly by inspection, a more elegant argument makes use of the concepts of von Neumann algebras [35] . Since Q is a projection, the span of {1 1, Q} is also the von Neumann algebra generated by 1 1 B and Q. To show that K(Q, t) is in the algebra, we show that it commutes with all unitaries in the commutant of the span of {1 1, Q} [35] . That is, let U be an unitary operator that commutes with Q, we want to show that U also commute with K(Q, t). Indeed,
Upon transforming |λ = U |λ and noting that the Haar measure is invariant under this transformation, and that λ | U QU † |λ = λ | Q |λ ) since U commutes with Q, we obtain an identical formula as equation (B2) for K(Q, t).
Being in the span of {1 1, Q}, K(Q, t) is characterised by two parameters Tr[K(Q, t)] = a 0 (k, t) and Tr[QK(Q, t)] = a 1 (k, t), with
as defined in Eq. (A1) and Eq. (A13). As t varying from 0 to 1, K(Q, t) draws a curve starting at 1 1 and ending at 0 in the plane spanned by {1 1, Q}. As a consequence, this forms a half of the boundary of the cross-section of K(ω) in this plane. The other half of boundary of the cross-section is formed by K(1 1 − Q, t) for t varying from 0 to 1. 
Although not given in a closed form for arbitrary r, R r 2 (W d ) can be easily computed in a computer. For all d ≤ 10 5 , we compute R r 2 (W d ) and find that it is always minimised at r = 1. Thus in all these cases we can identify R 2 with R 1 2 . For r = 1, equation (C4) can be solved explicitly for t c , and we arrive at
with the response function G a (λ) = α a λ|
Recall from the maintext that E a = α a P a , where P a are rank-1 projections. One can recognise that the first term in this response function is, upto a prefactor, given by the response functions for dichotomic measurements Θ(1/d − λ| P a |λ ). The second term is constructed such that the response function is automatically normalised, n a=1 G a (λ) = 1. It is easy to show that the function is positive, thus is a valid response function. We need to compute the operator on the right hand side of equation (D2). To do this, we note dω(λ)G a (λ)|λ λ| = α a X a + α a d (
where
where Q a = 1 1 B − P a . We again can show that X a is in the span of {1 1, Q a }, which can be characterised by
Tr(X a Q a ) = 1 d − 1 a 2 (d − 1, 1 − 1/d).
The critical value of η c where this construction of local hidden state model works is then
With the explicit expressions of a 2 (d − 1, 1 − 1/d) and a 1 (d − 1, 1 − 1/d) one obtains equation (D1).
